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NONABELIAN GROUP ACTIONS ON 3-DIMENSIONAL
NILMANIFOLDS WITH THE FIRST HOMOLOGY Z? @ Zy

MiNA HAN*, DAEHWAN KOO** AND JOONKOOK SHIN***

ABSTRACT. We study free actions of finite nonabelian groups on
3-dimensional nilmanifolds with the first homology Z2 @ Za, up
to topological conjugacy. We show that there exist three kinds of
nonabelian group actions in 71, two in 72 or 75 (3 = 1,2, 3), one in
the other cases, and clarify what those groups are.

1. Introduction

Let H be the 3—-dimensional Heisenberg group; i.e. H consists of all
3 x 3 real upper triangular matrices with diagonal entries 1. Thus H
is a simply connected, 2-step nilpotent Lie group, and it fits an exact
sequence

15oR—>3H R 1

where R = Z(H), the center of H. Let I' be any lattice of H and Z(H)
be the center of H. Then Z = T'N Z(H) and I'/T' N Z(H) are lattices of
Z(H) and H/Z(H), respectively. Therefore, the lattice I' is an extension
of Z by 72, that is, there is an exact sequence:

15720 —=7%—>1.

Let a, b, and ¢ be elements of I' such that the images of a and b in Z>
generate Z2 and c generates the center Z. Then it is known that such T
is isomorphic to one of the following groups, for some p :

I'y =(a,b,c | [ba] =c?, [c,a] =[c,b] =1), p#0,
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where [b, a] = b~'a~'ba. This group is realized as a uniform lattice of H
if one takes

b=

IS

Il
OO =
O = O
== O
S O =
O = =
= o O
_— O3

10
,c= 10 1
0 0

Then I'; is the discrete subgroup of H consisting of all integral ma-
trices and Iy, is a lattice of H containing I'y with index p. Remark that
I'p is equal to I'_,,. Clearly

Hy(H/Tp; Z) = Tp/[Lp, Ip] = z* Lp-
Note that these I',’s produce infinitely many distinct nilmanifolds
Np =H/T

covered by the standard nilmanifold N.

The classification of finite group actions on a 3-dimensional nilmani-
fold can be understood by the works of Bieberbach, Heil and Waldhausen
[6, 7, 12]. Free actions of cyclic, abelian and finite group on the 3-torus
were studied in [8], [11] and [5], respectively. It is known ([4; Propo-
sition 6.1.]) that there are 15 classes of distinct closed 3-dimensional
manifolds M with a Nil-geometry. It is interesting ([3]) that if a fi-
nite group G acts freely on the (standard) 3-dimensional nilmanifold A
with the first homology Z2, then either G is cyclic or there does not ex-
ist any finite group acting freely on the standard nilmanifold A; which
yields an infra-nilmanifold homeomorphic to H /73 or H/m4. Free ac-
tions of finite abelian groups on the 3-dimensional nilmanifold A, with
the first homology Z? & 7, were classified in [1]. Recently, the results
of [1] were generalized by changing the finite abelian conditions to finite
group conditions in [10], where the authors classified the free actions
of finite groups on 3-dimensional nilmanifolds A, with the first homol-
ogy Z° & Z, by using the method in [1], up to topological conjugacy.
However, since the finite groups acting freely on N, are represented by
generators in [10], it is difficult to know exactly what those finite groups
are.

In this paper we focus on the free actions of finite nonabelian groups
on Ny with Hy(H/T9;Z) = 7Z? @& Zo. Note that our results cannot be
obtained directly from [10], because of many unknown variables. But
when p = 2 and n = 1, we can find a necessary and sufficient conditions
for being a normal nilpotent subgroup of an almost Bieberbach group,
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and classify those nonabelian groups. This classification problem is re-
duced to classifying all normal nilpotent subgroups of almost Bieberbach
groups of finite index, up to affine conjugacy.

2. Criteria for affine conjugacy

In this section, we develop a technique for finding and classifying all
possible finite group actions on 3-dimensional nilmanifolds with the first
homology Z? @ Zy. The problem will be reduced to a purely group-
theoretic one. We quote most of the Introduction and Section 2 of [1] in
this section for the reader’s convenience.

Note that if M = H / 7w is a 3-dimensional infra-nilmanifold, then
there is a diffeomorphism f between H and R3, and an isomorphism ¢
between 7 and 7/, where 7’ is a subgroup of

Aff(R3) = R x GL(3,R)

such that (m,H) and (7/,R3®) are weakly equivariant. Therefore, an
infra-nilmanifold M = H / 7 is diffeomorphic to an affine manifold M’ =
R3 / 7.

The following is the list for 15 kinds of the 3-dimensional almost
Bieberbach groups imbedded in Aff(N) = N x (R? x GL(2,R)) ([10,
p.1414]). We shall use

)

110 100 10 —
ti=110 1 0|, 1|, to=1{l0 1 1|,1|, ts=1[1]0 1
00 1 00 1 0 0

respectively, where I is the identity in Aut(N) = R? x GL(2,R). In

each presentation, n is any positive integer and t3 is central except mg
and m4. Note that ¢; and to are fixed, but K in ¢3 varies for each m; ;.
For example, K = n for m1; K = 2n for w9, etc.

m = (t1,te,t3 | [to, 1] =15 ),
T = (t1,to, t3, @ | [ta,t1] =37, o® = tz,atia™' =], atsa™t =t ),

w3 = (t1,ta, b3, 0 | [to, t1] = 13", [ts, t1] = [ts,to] = 1, atga™' =15,

— ON"—‘

atia™t =1, aty =ty taty", o =t ),
74 = (t1,ta, t3, @, B| [ta,t1] = 37, [ts,t1] = [t3, t2] = o, t3] = 1,
Btsf~t =31 aty =t et aty =ty Laty ",
o =tg, B =11, Bt =11, Bty =t ' B3 ",
af =715 Baty P Y,
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ti,to, s, af [to, 1] = 13772, atia™! = ty, et =171 0t = 3),
1
= (t1,t9, t3, | [ta, t1] = t4”,at1a_1 =ty atea "t =171 ot =13,
1 3
= (t1,tg,t3, | [to, t1] = t3 catial =ty atgat =171 ot =t3),
= (t1,ta,t3, 0 [ta, t1] = 13", atia™ = tg,atsa™ =175 1 0% = t3),
= (t1,to,t3, | [to, t1] = atla—l =ty,ateat =175 0B = #2),
= (t1,t2,13, | [t2,t1] = 3" 2 atia” =ty ateat =t 0B = 2,
1 "2 3
= (t1,ta, t3, | [ta, t1] = t3” 1 oafl(f1 = ty,atpa =75 0 = t3),
1 "2
= <t1,t2,t3,0¢‘ [tg,tl] = t3 ,atla = tltg,atga_l = t;l,()éG = t3 >,
== tlat27t3aa t?atl - Gn 2 Oéthé 1:t1t2,06t206_1 :t_17a6 :t3 )
1
= (ty1,ta,t3, 0| [ta, t1] = t3 catia”t = tity, atsa Tt =71 b =13,
Tra = (t1,ta, t3,af [to, 1] = 15774, atia™! = titg, atsa™t =171, a8 = 13)

Let (G, N,) be a free affine action of a finite group G on the nilman-
ifold A,. Then N,/G is an infra-nilmanifold. Let 7 = m(N,/G), and
I', = m1(Np). Then  is an almost Bieberbach group. In fact, since the
covering projection N, — N, /G is regular, I'j is a normal subgroup of
.

DEFINITION 2.1. Let m C Aff(H) = H x Aut() be an almost Bieber-
bach group, and let Ni, Ny be subgroups of w. We say that (N, ) is
affinely conjugate to (Na,m), denoted by Nj ~ Na, if there ex-
ists an element (¢t,7) € Aff(H) such that (t,T)7(t,T)"! = 7 and
(t,T)Nl(t, T)_l = No.

Suppose there are two normal subgroups N, N’ of . The two actions
of m/N, /N are equivalent if and only if there exists a homeomorphism
f of H which conjugates the pair (N, 7) into (N’, 7). Of course, such a
conjugation is achieved by an affine map f € Aff(H).

Our classification problem of free finite group actions (G, N,) with

m(Ny/G) =

can be solved by finding all normal nilpotent subgroups N of 7 each of
which is isomorphic to I'y, and classify (IV,7) up to affine conjugacy.
This procedure is a purely group-theoretic problem and can be handled
by affine conjugacy.

The following proposition is a working criterion for determining all
normal nilpotent subgroups of 7 isomorphic to I',,.
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PROPOSITION 2.2 ([1, Proposition 3.1]). Let N be a normal nilpotent
subgroup of an almost Bieberbach group 7 and isomorphic to I',. Then
N can be represented by a set of generators

N = (g g g, 7
_< 1%2°% »%2 "3 %3 >7

where dy, dg are divisors of p; K is determined by t§ = [t2, t1]; 0 <
m<dy, 0<m <B4k (j—1,2)

3. Free actions of finite nonabelian groups on the nilmani-
fold N5

In this section, we shall find all possible finite groups acting freely
(up to topological conjugacy) on the 3-dimensional nilmanifold N3
which yield an orbit manifold homeomorphic to H/m;(i = 1,2,5,6,7).
Note that we deal only with n = 1 to clarify those groups in this pa-
per. Nonabelian groups acting freely (up to topological conjugacy) on
the 3-dimensional nilmanifold N3 which yield an orbit manifold homeo-
morphic to H/m3 or H/m4 were studied in [9] . This, as in other parts
of calculations, was done by the program Mathematica [13] and hand-
checked.

THEOREM 3.1. (m1) Suppose F' is a finite nonabelian group acting
freely on Ny which yields an orbit manifold homeomorphic to H/m.
Then F' is isomorphic to either the dihedral group D, or the quaternion

group Qg.
Proof. Note that m; = <t1,t2,t3 ’ [tg,tl] = tg‘ >

ndjdo

Let N = <t§l1t§”t§, thtg, ts ¥ ) be a normal nilpotent subgroup of
71 and isomorphic to I'y. Take n = 1. Then [my, 7] = t3. Since dy, da
are divisors of 2, 0 < m < d = ged(dy, dz), and CZ’;LQ € 7 by proposition
2.2, we have the following three cases.

(i) When d; = 1,ds = 2: In this case, we have N = (t, t3, t3) and
7T1/N = Zo.
(i) When d; = 2,d2 = 1: There exists only one normal nilpotent
subgroup N’ = (12, t9, t3). It is easily checked that N’ ~ N =
(t1, 13, t3).
(iii) When d; = 2,dy = 2: There exist 3 affinely non-conjuate normal
nilpotent subgroups:
Ny = (3,3, 13), No= (13, t3ts, t3), N3 = (tits, tats, 13).
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Thus we can obtain that m /Ny = Dy, m /Ny = Dy, and w1 /N3 =
Qs. 0
The following lemma gives a necessary condition for being a normal

nilpotent subgroup of an almost Bieberbach group which is isomorphic
to I')p.

LEMMA 3.2 ([10, Lemma 3.1]). Let N be a normal nilpotent subgroup
of an almost Bieberbach group ma,ms (i = 1,2,3) or w7 ;(j = 1,2,3,4)
which is isomorphic to I',. Then N can be represented by one of the
following sets of generators

Kdydy Kdjdg  Kdjdy
Ny = <tclllt£n’ t327 ty * ), Ny = <t§l1t£n’ thtS v, t3 ” )s
Kdydy Kdqdy Kdqdsy Kdqdo Kdqdy
N = ({15t ™, 152, by ™ ), Na= (1145, ™ 1520, ty 7 ),

where dy, dy are divisors of p; 0 < m < d = ged(dy, ds) % € Z in the
case of o,

2 . .. .

% + dez € 7Z and dj is a common divisor of m and ds in the case
Of 5,35

% + % € 7Z and d; is a common divisor of m and ds in the

case of 17 ;.

The following proposition is a working criterion for affine conjugacy
among normal nilpotent subgroups of .

ProPOSITION 3.3 ([10, Proposition 3.3]). Let N; (i = 1,2,3,4) be a
normal nilpotent subgroup of my in Lemma 3.2 and isomorphic to I'p.
Then we have the following:

(1) Ny ~ Ny if and only if m =0, d; = p.

(2) Ny ~ N3 if and only if m =0, d2 = p.

(3) N1 ~ Ny ifand only if m =0, dy =dz = p.

(4) No ~ N3 if and only if m =0, d; = ds.

(5) No ~ Ny ifand only if either m = 0, d2 = p, or 2m = da, 2d; = p.
(6) N3 ~ Ny if and only if m =0, d; = p.

Now by using Lemma 3.2 and Proposition 3.3, we can obtain the
following result.

THEOREM 3.4. (my) Suppose F' is a finite nonabelian group acting
freely on Ny which yields an orbit manifold homeomorphic to H/ms.
Then F' is isomorphic to either the quaternion group (g or the central
product group Cg o Dy.
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Proof. For the case of n = 1, we have
T = (t1,lo, t3, @ | [ta,t1] =135, a® =t3, atia™ ! =171, atga™ =151).

Let N be a normal nilpotent subgroup of mo which is isomorphic to
T'y. Then by Lemma 3.2, N can be represented by one of the following
sets of generators,

Ny = (the, o, by, Ny = (theg, ey td1d2>
ﬁ d d2
Ny = (t{t5t, 7, 192, t9®), Ny = (t]'5't, 2 t22t3 Yty
where dy, dy are divisors of p =2 and 0 < m < ged(dy,d2) d d2 EZ.

(i) When d; = dy = 1: m = 0. Since ledQ = % ¢ Z, No, N3, and Ny
do not occur. Thus we have only one normal subgroup N = (t1, ta, t3)
and ma/N = (aN ) = Zs

(ii) When d; = 1,dy = 2: Since 0 < m < 1, we have m = 0. Thus

% = 0 € Z and the possible normal nilpotent subgroups are

Ny =(t1, 3, 13),  Np={(t, 133, 13),

N3 = (tits, 13, 83),  Nu= (tits, t3ts, 13).
It is not hard to see that Ny ~ N3 and No ~ Ny by Proposition 3.3.
The normality can be easily checked as follows:

atda =12 € Ny, a(t)a ' =t7' e Ny, a(B3tz)at =t %3 € Ny,

Since Ny D [ma, ma] = (t3,13,12), we can conclude that 72 /N is abelian
and

ma /N1 = (t1, b2, t3, ) /(t1, 13, 13) = (@Ny, taN1) = Zy X Zo.
Note that m3/Ny is nonabelian and
ma/Na = (t1,ta, t3,0)/(t1, t3ts, 13) = (N, t2No).

Since
(t2N2)2 = (t%)NQ = (t%t;g)thg = thQ = a2N2,
(t2N2)* = N3, (aNz)* = 15N = Ny,
(aNQ)(tQNQ)(aNQ)_l = (OétQCk_l)NQ = t2_1N2 = (tQNQ)_l,
we can conclude that
7T2/N2 = <t2N2, aN2| (t2N2)4 = 1, (t2N2)2 = (aN2)2,
(N (taNo)(eNo) ™4 = (taNo) ™).
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Let @ = t9Ns and b = o No. Then this group is isomorphic to the
quaternion group

Qs = (a,b|a*=1,b*=a? bab™! =a™1).
(iii) When d; = 2,dy = 1: There exist 2 affinely non-conjuate normal
subgroups
N{ = <t%, t2, t§>v Né - <t%t37 t2, t§>
It is easy to see that N] ~ Ny and N§ ~ Ny as in the case (ii).

(iv) When di = dp = 2: Since J7- = Im — 1 ¢ 7, we have m = 0.

Since Ny ~ Na, N1 ~ N3, and Ny ~ N4 by Proposition 3.3, there exists
only one normal nilpotent subgroup Ny = (t3, #3, t3) of m. Note that
79 /N7 is nonabelian and the normality can be easily checked. Thus we
have

mo /N1 = (t1,ta,t3,a)/(t3, 13, t3) = (N, t; Ny, taNy).
From the following relations
(aN1)? = t3Ny, (aN)* =Ny, (aN)® = Ny, (t1N1)? = (t2N1)? = Ny,
(taN1)(t1N1)(t2N1) = (tat1ta) Ny = (t1t5t25) Ny = (t1at) Ny,

we have
T2 /Ny =(aN1,t1 N1, t2N1 | (aN1)® = (t1N1)? = (t2N1)* = 1,
(@N1)* = (t3N1)?, (L2N1) (BN (12 N1) = (aN1)* (t1Nh),
(aN7)(t1N1) = (t1N1)(aN71), (N71)(taN1) = (t2N1)(aN7)).
Let a = a Ny, b=1tNi, and ¢ = toN;. Then this group is isomorphic

to the central product group
CgoDy = (a,b,c|a® =c? =1, b> = a*, ab = ba, ac = ca, cbc = a*b). O

The following proposition is a working criterion for affine conjugacy
among normal nilpotent subgroups of 75 ;(i = 1,2, 3).

PROPOSITION 3.5 ([10, Proposition 3.12]). Let N;(j = 1,2,3,4) be a
normal nilpotent subgroup of 75 ;(i = 1,2, 3) in Lemma 3.2 and isomor-
phic to I'y,. Then we have the following :

(1) Ny ~ Ny if and only if m =0, di = da = p.

(2) No ~ N3 if and only if m =0, d; = ds.

(3) N1 el NQ, N1 lead Ng, N2 lead N4 N3 lead N4.

Now by using Lemma 3.2 and Proposition 3.5, we can obtain the
following result.
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THEOREM 3.6. (m5,;) Suppose F' is a finite nonabelian group acting
freely on Ny which yields an orbit manifold homeomorphic to H /s ;(i =
1,2,3). Then F is isomorphic to the modular maximal-cyclic group Mg
or D4.Cg( the non-split extension by Dy of Cs acting via Cg/Cy = C3)
in the case w51 and Mz or D4.Ci6( the non-split extension by Dy of
Ci¢ acting via C16/Cy = C) in the case 752 and 75 3.

Proof. We shall deal with the case m52. Note that when n = 1, we
have

T2 = (t1,ta, 3,0 [to, 1] = t3, atia™" =ty atea”t =171 o =13 ).

Let N be a normal nilpotent subgroup of 75 2 which is isomorphic to I's.
Then by Lemma 3.2, N can be represented by one of the following sets
of generators

Ny— (e, th, B0R) Ny (e, theehes, i,

d dids  4dy  ,2d1d d didy  4dg,didy  2did
N3 = (t7't5't5"%2, 5%, 1571%), Ny = (87" t5'5' %2, 1578572, 1571%),

where dy, do are divisors of p =2, 0 <m < ds , % + % € 7Z, and d; is
a common divisor of m and ds. Hence there are three possibilities.

(i) When d; = d2 = 1: m = 0. Then the possible normal nilpotent
subgroups are

Ny = (t1, t2, t3), Ny = (t1, tats, 13),

N3 = (tits, ta, 13),  Ny= (tats, tots, 13).
Since a(tats)a! = t7't3 ¢ Ny and Ny is affinely conjugate to N
by Proposition 3.5, we have two normal nilpotent subgroups Ny, Ny.
Since N1 D [71’5’2, 7T572] = <t1t2,t%,t§>, 7T5,2/N1 is abelian and 7r572/N1 =
<OéN1 > = 7sg.

Similarly, we can get 75 2/Ny = (lNy ) = Zg.

(ii) When d; = 1,d2 = 2: Note that 0 < m < dy. If m = 0, then
% b= 1 ¢ Z. Hence we must have m = 1 and the possible normal

dids
nilpotent subgroups are

Ny = (tity, 3, 13), Ny = (tito, 133, t3),

N3 = (titot3, t2, 13, Ny= (ti1tot3, t363, t3).
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From the following relations

atjat =172 = t3(tita) "2 € Ni, a(tite)a ™t =tot]t = t3(t1t2) "' € Ny,
altity)a™ = tott = (t1ta) "3 ¢ No,

altitatd)a™ = altite)a 13 = tot 13 = (titats) 't3ts € N3,
altitatd)a™ = toatea ™13 = tot 13 = (titats) 11515 & Ny,

we can conclude that there exist two normal nilpotent subgroups N1, N3

of T5,2. Since Ny D [7‘(’5,2, 71'572] = <t1t2,t%,t§>, we obtain that 7T572/N1 is
abelian and

T52/N1 = (t1,ta, t3,a) /(tita, 13, t3) = (N1, taN1) = Zyg X Zo.
Note that 75 2/N3 is nonabelian and
7T572/N3 = <t1,t2,t3,a>/(t1t2t§, t%, t§> = <OZN3,752N3>.
Since
t1N3 = (titat3)ts %ty ' Ny = t3 2ty ' Ny = t5°t, 15N = 13, ' N3
= o’y ' N3,
(tQNg)(OéNg) = (Oétl)Ng = Oé(Oégtgl)Ng = O(gtglNg = (OéN3)9(t2N3)_1,
we have
7T572/N3 = (OZN3,t2N3 | (OéNg)lG = (t2N3)2 = 1,
(t2N3)(aN3) = (aN3) (t2N3) ™).
Let @ = a N3 and b = t3N3. Then this group is isomorphic to the
modular maximal-cyclic group
Msy = M5(2) = (a,b | a'® =b* =1, bab = a”).
(iii) When d = dp = 2: If m =1, then & + 1 =141 ¢ 7,

dids
Thus there does not exist any normal nilpotent subgroup. If m = 0 |,

then N is affinely conjugate to N4 and Ny is affinely conjugate to N3
by Proposition 3.5. Hence we have the following two possible normal
nilpotent subgroups

N1:<t%7 t%7t§>7 N2:<t%7 t%%? t§>

Since
athat =t e Ny, a)a =3¢ Ny, a(t3)a ' =172 € Ny,
we can conclude that Ns is not a normal subgroup of 75 2 and there exists

only one normal nilpotent subgroup Ny of m52. Let w; = tlt:%Nl, Wy =
toN1, ws = t3N1, and 8 = aN7. From the following relations

ord(wy) =4, ord(wy) =2, ord(ws) =8 and (w1)?= (w3,
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wawiwy = ta(t113)ta N1 = (titats)tataNT = (t113)%15t; 2Ny = wi,
we can obtain that
F =m59/N1 = (Da/N1)xZs = (Cg o Dy)XZy
= (wy,wy, w3, B| w3 =w§ =1, w? =w;3, B =wd, wowiwy = wzwi,
ﬁwlﬁ_l = ’U)Q’LU%, ngﬁ_l = wflwg, WIW3 = W3W1, WoW3 = W3Wwsa).
= Dy.Chs,
where D4.C1g is the non-split extension by Dy of Cyg acting via C4/Cs =

Cs.
The other cases can be done similarly. O

The following propositions are a working criterion for affine conjugacy
among normal nilpotent subgroups of 7.

PROPOSITION 3.7 ([10, Proposition 3.16]). Let N;(j = 1,2,3) be a
normal nilpotent subgroup of mg ;(i = 1,2) and isomorphic to I',. Then
we have the following:

’ g K K
(1) No™ ~ NE™ ifand only it (r— 1,0 — ') = (0,0), (%,%),
(KdQ _2Kd1) (2Kd2 2Kd1) (de2 _Kdl)
3 3 7V 33 g3
i Kdy 2Kd
(2) Nf’rwNQE’T if and only if (r —1',¢ —{¢") = (0,0), (72, 3 L,
(Kd2 7Kd1) (2Kd2 Kdl) (2Kd2 72Kd1)
3’ 37V 33”7V 3 3 ”
> K 2K
(3) N5 ~ NE™ if and only if (r—r',¢—£') = (0,0), ( ;2’0)’( 3d2,0).

(4) N1 04 N27 N1 e Ng, N2 e Ng.

PropoOSITION 3.8 ([10, Proposition 3.17]). Let N;(j = 1,2,3) be a
normal nilpotent subgroup of g (i = 3,4) and isomorphic to T'p. If
r#r1" orf#/¥, then

N NS (1<, < 3).

THEOREM 3.9. (mg,) Suppose F' is a finite nonabelian group acting
freely on Ny which yields an orbit manifold homeomorphic to H/mg ;.
Then F is isomorphic to the Qg x Cy (the semidirect product of Qg and
Cy acting via Cy/Cs = C3) in the case 71 and g 2, SLo(F3) (the special
linear group on IE‘%) in the case mg 3, and Cy.Ays (the central extension
by Cy of A4) in the case 7 4.
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Proof. When n =1, we have
me1 = (t1,ta,t3,a | [ta,t1] = 13, atia™! =to, atsa™! =715, a® = t3).

Let N be a normal nilpotent subgroup of mg; and isomorphic to I's.
Then
3dqdo

_ /A1 ympl  gdogr p 3d1ds
N—<t1t2t,t2t,t3 ), (0§m<d2,0§€,r< > ),

.. 2
where d; and dy are divisors of p = 2, (% -4 t15 €L

It is not hard to induce that
dy=(2s—1)di(s€N), m=0, d =ds=2.

By the normality of N = ( t%tg, t%tg, tg ), we have the following relations:
aB3t)a ™t =13t = (Bt e N, L=
a(tats)a =ty ey ey = (e Ty ) TS = 1 P e
= (357 (3" e N, (=71 =1,3,5.

Hence there exist three possible normal nilpotent subgroups of ¢ 1:

Ni = (tits, tits, t5), Nz = (785, 6315, 15), N5 = (515, 3¢5, £5).

Since Nj is affinely conjugate to N3 and N5 by Proposition 3.7, we have
only one normal nilpotent subgroup N; of 7 ;1. Note that 71 /N is
abelian if and only if
N D [me1,me1] = (tatyh, 17152, 63) = (Lity !, 63, 13).
Thus we obtain that 7 1/N;7 is nonabelian.
Let wy = tlt:%Nl, Wy = tzt%Nl, wsy = t%Nl, and 8 = aN;.
From the following relations

ord(wy) =4, ord(wy) =4, ord(ws) =3, (w1)?= (ws)? =t3N; =,

wowywy b = (tat3) (t1t3) (tatd) I Ny = (t1tatd)ty HANT = (t1t3) Ny
= (t183) (t7t3) N1 = w?,
we conclude that
Fy =m1/N1 = (Ta/N1)xZ3 = (C3 x Qg)XZs
= (wy, wy, w3, B | wy = wg’ =1,w? =ws=p3% %= wg,w2w1w2_1 = wl_l,
Bwi B~ =wa, Bwef Tt =witwyl, wiws = wawi, wows = waws),
= Qg x Cy.
It is not hard to get the results for the other cases. O
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The following proposition is a working criterion for affine conjugacy
among normal nilpotent subgroups of 7.

PROPOSITION 3.10 ([10, Proposition 3.19]). Let N;(j = 1,2,3,4) be
a normal nilpotent subgroup of m7;(i = 1,2,3,4) in Lemma 3.2 and
isomorphic to I'y,. Then we have the following:

(1) No ~ N3 if and only if m =0, dj = ds.

(2) N1 g NQ, N1 lead Ng, N1 e ]\]'47 NQ lead N4, N3 e N4.

THEOREM 3.11. (m7;) Suppose F is a finite nonabelian group acting
freely on Ny which yields an orbit manifold homeomorphic to H /w7 ;.
Then F' is isomorphic to the Qg.Csg (the non-split extension by Qg of
C36 acting via C36/Ch12 = Cs) in the case w71 and 773, Cig.A4(the
central extension by Cig of Ay) in the case w72, and Cg. Ay (the central
extension by Cg of Ay) in the case 7 4.

Proof. Note that when n = 1, we have
m1 = (t1,ta, t3,a | [ta,t1] = 15, atia™! = tita,atsa™t =171, % =t3).

Let N be a normal nilpotent subgroup of 771 which is isomorphic to I's.
Then by Lemma 3.2, N can be represented by one of the following sets
of generators,

3d;dy

Ny = <tcll1t£n’ th’ t§d1d2>7 Ny = <t(1i1t5n’ thtBT’ t§d1d2>a
3dqds 3dqds 3dqdg
No— (0Pt e, B0 N = e, B e sy,

where di, do are divisors of p = 2; Z—; + % € Z and dp is

a common divisor of m and dy. From these relations, there are two
possibilities.

(i) When d; = dp = 1: m = 0. Since 24%2 = 3 ¢ 7 Ny N3, N,
do not occur. Thus we have only one normal nilpotent subgroup N; =
<t1, tg, t%) and 7T771/N1 = <aN) = le.

(ii) When d; = dy = 2: m = 0. Since Ns is affinely conjugate to N3 by
Proposition 3.10, there exist three possible normal nilpotent subgroups:
Ny = (3,83, t32),  No= (12, 13t5, ti?), Ny = (¢35, 1315, t1?).

From the following relations

a(tha ™t = titatity = 363t5 ¢ Ny, a(tit)a™' =725 ¢ Ny,
a(tit)at = 332 = 2156315 € Ny,

oftsts)a™" =ty °t3 = (tits) 13" € N,
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we can conclude that there exists only one normal nilpotent subgroup
Ny of m71. Since Ny 2 [m71,m71] = (t1, to, tg), we know that 771 /Ny
is nonabelian.

Let w1 = t1N4, wo = t2N4, w3 = t3N4, and B = OéN4. Since
ord(wy) =4, ord(wsz) =4, ord(wz) =12, (w1)? = (w2)? = (w3)",
wowywy b = (tat1ty )Ny = (trtet$)ty ' Ny = (t18) Ny = (t1N4)(t1 N4)?

= w*;’ = wl_l,
we can obtain that

F = 7T771/N4

4 2 6

12 2 6 -1
= <w1,w2,w3aﬁ| wy =w3” =1, wy = wj; = ws, B = w3, wawiwy =wi °,

- _ 1
Bui B~ = wiws, Bwaft =wit, wiws = wawy, wows = w3ws)

Qg.Csp,

12

where Qg.Csg is the non-split extension by Qg of Csg acting via Csg/Cla =
Cs.

The other cases can be obtained similarly. O

We can obtain the following corollary by summarizing the results
from Theorem 3.1 through Theorem 3.11 and using the results in [9]. In
[1, 2, 3], finite groups acting freely on the nilmanifold A, are abelian.
However, as we can see in the following corollary if a finite group acts
freely on N5 with n = 1, there exist nonabelian groups which yield orbit
manifolds homeomorphic to N /m; for all i.

COROLLARY 3.12. The following table gives a complete list of all free
actions(up to topological conjugacy) of finite groups G on N3 which
yield an orbit manifold homeomorphic to H /.

m | G =7/N | AC classes of normal nilpotent subgroups N | Group type
m Zs N = (t1, 13, t3) abelian

Dy Ny = (83,13, 3) nonabelian

Dy Ny = (3, t3t3, t3) nonabelian

Qs N3 = ({3ts, t5ts, 13) nonabelian
pj Z2 = <t1, t2, t3> abelian
Zo X Zy Ny = (tf, t2, 83) abelian

Qs Ny = ({5ts, ta, t3) nonabelian

Cso Dy N3 = (3, 13, t3) nonabelian
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m | G=7/N | AC classes of normal nilpotent subgroups N | Group type
T3 ZQ N = <t1, tQ, t3> abelian
Dy Ny = {(t1, 13, t3) nonabelian
Zo X 7y Ny = (ty, t5t3, 3) abelian
Zs N3 = (t1ta, t5ts, t5) abelian
T Dy N = (t1, t2, t3) nonabelian
Lo X Ly N1 <t1, t2t3, t3> abelian
Qs Ny = (t1ts, tats, t5) nonabelian
Cs.Cy N3 = (t1to, t5t3, t3) nonabelian
5,1 Z4 <t1, tg, t3 > abelian
Zo X Zg N1 = <t1t2, té, tf;) abelian
Mg Ny = (tytots, 3, £3) nonabelian
D,.Cy N3 = (1, t3, t3) nonabelian
5,2 Zg N = <t1, tg, t§> abelian
Zg N1 = <t1t3, t2t3, té) abelian
Zo X 716 NQ = <t1t2, t%, t§> abelian
Mo N3 = (t1tot3, 13, £3) nonabelian
D4.016 N4 = <t%, t%, tg) nonabelian
75,3 Zg N = <t1, t2, t§> abelian
ZS N1 = <t1t3, t2t3, té) abelian
Zo X Z1g NQ = <t1t2, t%, t§> abelian
M32 N3 = <t1t2t§, t%, t%) nonabelian
D4.016 N4 = <t%, t%, tg) nonabelian
76,1 | Qs x Co Ny = (t3ts, tats, t3) nonabelian
m62 | Qs x Co Ny = (t3ts, t3t3, t5) nonabelian
76,3 | SLa(F3) Ny = (t3ts, t5t3, 13 ) nonabelian
76,4 Zg N = (tl, tQ, t3> abelian
Cy. Ay Ny = (t3t3, t5t3, t3) nonabelian
7.1 Zlg N = <t1, tQ, t§> abelian
Qs.C36 Ny = (8385, 515, t37) nonabelian
7 2 Zlg N = <t1, tg, t3> abelian
Che. A4 Ny = (53, 6585, 65) nonabelian
7.3 Zlg N = (tl, t2, t3> abelian
Qs.C36 Ny = (6385, 5t5, t37) nonabelian
7.4 Zg N = (tq, to, t3) abelian
Cs. Ay Ny = (t3t3, t5t3, t3) nonabelian

EXAMPLE 3.13. Let G be a finite group of order 32 acting freely on
N3. Then G is one of the following four groups:
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Zo X Z1g, modular group M3z, central product Cg o Dy, 15 non-split

extension Cg.CYy.

In

(10]

(11]
(12]

(13]

each case, non-affinely conjugate actions are as follows.

Zo X Z1g: one in 7['571'(2' = 2, 3)
Mso: one in 75 ,(i = 2,3)

Cg o Dy: one in o

Cg.Cy: one in my.
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